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ABSTRACT
The stability properties of a low density ultra relativistic pair beam produced in the intergalactic
medium by multi-TeV gamma-ray photons from blazars are analyzed. The problem is relevant for
probes of magnetic field in cosmic voids through gamma-ray observations. In addition, dissipation of
such beams could affect considerably the thermal history of the intergalactic medium and structure
formation. We use a Monte Carlo method to quantify the properties of the blazar induced elec-
tromagnetic shower, in particular the bulk Lorentz factor and the angular spread of the pair beam
generated by the shower, as a function of distance from the blazar itself. We then use linear and non-
linear kinetic theory to study the stability of the pair beam against the growth of electrostatic plasma
waves, employing the Monte Carlo results for our quantitative estimates. We find that the fastest
growing mode, like any perturbation mode with even a very modest component perpendicular to the
beam direction, cannot be described in the reactive regime. Due to the effect of non-linear Landau
damping, which suppresses the growth of plasma oscillations, the beam relaxation timescale is found
significantly longer than the inverse Compton loss time. Finally, density inhomogeneities associated
with cosmic structure induce loss of resonance between the beam particles and plasma oscillations,
strongly inhibiting their growth. We conclude that relativistic pair beams produced by blazars in the
intergalactic medium are stable on timescales long compared to the electromagnetic cascade’s. There
appears to be little or no effect of pair-beams on the intergalactic medium.
Subject headings: gamma rays: general – instabilities – intergalactic medium – plasmas – radiation
mechanisms: non-thermal – relativistic processes
1. INTRODUCTION
Streaming relativistic particles are common in ten-
uous astrophysical plasma and their propagation and
stability properties a recurrent theme. Examples in-
clude type III solar radio burst (Benz 1993), quasars’
jets (Lesch & Schlickeiser 1987), cosmic-rays stream-
ing out of star forming galaxies (Miniati & Bell
2011) and cosmic-ray transport in the intracluster
medium (Ensslin et al. 2011). Propagation and stabil-
ity properties, related in particular to the exitation of
plasma waves, is subject of attentive investigation as they
can play a crucial role in the interpretation of observa-
tional data.
Ultra-relativistic beams of e+e− pairs are also gener-
ated in the intergalactic medium (IGM) by very high en-
ergy gamma-rays from distant blazars, by way of photon-
photon interactions with the extragalactic background
light (EBL, Gould & Schre´der 1967; Schlickeiser et al.
2012). While blazars’ spectra, and in particular their
multi-TeV cut-off features, have been studied in detail
to constraint the EBL (e.g. Aharonian et al. 2006), re-
cently multi-GeV and TeV blazars observations have also
been used to constrain magnetic field in cosmic voids for
the first time (Neronov & Vovk 2010; Tavecchio et al.
2010). In fact, for flat enough blazar’s spectra, the
electromagnetic cascade should produce an observable
spectral bump at multi-GeV energies. The absence of
such a bump in a number of observed blazars is as-
cribed to the presence of a sufficiently strong magnetic
field, Bv & 10
−16G, to deflect the pairs in less then an
inverse Compton length, ℓIC ≃ Mpc (E±/TeV)
−1(1 +
z)−4, where z is the cosmological redshift (Plaga 1995;
Neronov & Semikoz 2009). When time variability of
the blazars is taken into account the above lower
limit is relaxed to a more conservative value of Bv &
10−18G (Dermer et al. 2011; Taylor et al. 2011). The
required filling factor of the magnetic field is about
60% (Dolag et al. 2011). Other potential effects of a
magnetic field in voids on the electromagnetic cascades
have also been investigated, including extended emis-
sion around gamma-ray point-like sources (Aharonian et
al. 1994; Neronov & Semikoz 2007; Dolag et al. 2009;
Elyiv et al. 2009; Neronov et al. 2010a) and the de-
layed echoes of multi-TeV gamma-ray flares or gamma-
ray bursts (Plaga 1995; Takahashi et al. 2008; Murase
et al. 2008, 2009).
However, in principle the pair-beam is subject to
various instabilities, in particular microscopic plasma
instabilities of the two-stream family. On this ac-
count, Broderick et al. (2012) conclude that transverse
modes of the two-stream instability act on much shorter
timescales than inverse Compton scattering, effectively
inhibiting the cascade and invalidating the above mag-
netic field measurements. In addition, as a result of
the beam’s relaxation, substantial amount of energy
would be deposited into the IGM, with dramatic con-
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sequences for its thermal history (Chang et al. 2012;
Pfrommer et al. 2012).
In this paper, we reanalyze the stability of blazars in-
duced ultra-relativistic pair beams. In particular, we
use a Monte Carlo model of the electromagnetic shower
to quantify the beam properties at various distances
from the blazar, and analyze the stability of the pro-
duced beam following the work of Breizman, Rytov and
collaborators (reviewed in Breizman & Ryutov 1974;
Breizman 1990). We find that even for very modest
perpendicular components of the wave-vector, the anal-
ysis of the instability requires a kinetic treatment. We
thus estimate the max growth rate of the instability and
find that for bright blazars (with equivalent isotropic
gamma-ray luminosity of 1045 erg s−1) it is suppressed by
Coulomb collisions at distances D & 50 and 20 physical
Mpc at redshift 0 and 3, respectively. Importantly, the
growth rate of plasma oscillations is found to be severely
suppressed by non-linear Landau damping, so that even
at closer distances to the blazar the beam relaxation
timescale remains considerably longer than the inverse
Compton cooling time. Finally, the resonance condition
cannot be maintained in the presence of density inhomo-
geneities associated to cosmological structure formation,
which also act to dramatically suppress the instability.
Thus our findings support the magnetic field based in-
terpretation of the gamma-ray observational results and
rule out effects of blazars’ beam on the thermal history
of the IGM. Broderick et al. did not consider the role of
density inhomogeneities and concluded that non-linear
Landau damping is unimportant, although they did not
present a quantitative analysis of the process.
The rest of this paper is organized as follows. Sec. 2
summarizes the physical properties of pair beams pro-
duced by blazars and present the results of the Monte
Carlo model. The two-stream instability in both the re-
active and kinetic regimes is discussed in Sec. 3, where
the max growth rate of the instability is also given and
compared to the collisional rate. Nonlinear effects are
considered in Sec. 4, where the timescales for the beam
relaxation is derived. Finally, Sec. 5 briefly summarizes
the results.
2. PAIR BEAMS IN VOIDS
In order to carry out the analysis of the stability of
ultra-relativistic pair beams produced by blazars, we
need to esimate characteristic quantities of the beam,
including its density contrast to the IGM, the Lorentz
factor, and angular and velocity spread. These quanti-
ties derive from the energy and number density of the
pair producing photons, i.e. the blazar’s spectral flux,
Fγ , and the EBL model. Pair production has been stud-
ied extensively in the literature (e.g. Gould & Schre´der
1967; Bonometto & Rees 1971; Schlickeiser et al. 2012)
and in the following we briefly summarize its qualitative
features, which we then use to describe the results of our
Monte Carlo model of a blazar induced cascade.
2.1. Basic Qualitative Features
Pairs are most efficiently created just above the energy
threshold for production, i.e. where
s ≡ EγEEBL(1− cosφ)/2m
2
ec
4 ≥ 1, (1)
with φ the angle between the interacting photons, Eγ and
EEBL the energy of the incident and target EBL photon,
respectively, and the relativistic invariant, s, the center
of mass energy square in units m2ec
4. The mean free
path for the process depends on the details of the EBL
model (Kneiske et al. 2004; Franceschini et al. 2008)
but is approximately
ℓγγ ≃ 0.8
(
Eγ
TeV
)−1
(1 + z)−ζGpc, (2)
with ζ = 4.5 for z ≤ 1, ζ = 0 other-
wise (Neronov & Semikoz 2009; Broderick et al. 2012).
The particle number density of the beam, nb, is set by
the balance of pair production rate, 2Fγ/ℓγγ, evaluated
close to production threshold, and energy loss rate. If
inverse Compton losses dominate then, at a distance D
from the blazar such that Fγ = Lγ/4πD
2,
nb≃ 2
Fγ
c
ℓIC
ℓγγ
≃ 3× 10−25cm−3
(
EγLγ
1045erg/s
)
×
(
D
Gpc
)−2(
Eγ
TeV
)
(1 + z)ζ−4. (3)
where, EγLγ , is an estimate of the blazar’s equivalent
isotropic gamma-ray luminosity for a source at distance
D (see, Broderick et al. 2012). Each pair particle carries
about half the energy of the incident gamma-ray, so the
beam Lorentz factor is
Γ =
Eγ
2mec2
∼ 106
(
Eγ
TeV
)
. (4)
Another important characteristic quantity of the beam
is its angular spread, ∆θ, determined by the distribution
of angles θ between the pair produced particles and the
parent photons direction. This can be found to be related
to Γ and the relativistic invariant as
∆θ ≤
s
Γ
(
1−
1
s
) 1
2
. (5)
2.2. Monte Carlo Model
In this section we compute the characteristic quanti-
ties of a blazar induced pair beam, using a Monte Carlo
model of the electromagnetic cascade, fully described
in Elyiv et al. (2009) and applied also in Neronov et al.
(2010). For the purpose, the blazar’s spectral emission
is a typical power law distribution of primary gamma-
ray photons, dnγ/dEγ ∝ E
−q
γ , in the range 10
3 ≤
Eγ/mec
2 ≤ 108, and with q = 1.8 (Abdo et al. 2010).
In addition, we use the nominal model of Aharonian
(2001) for the EBL in the range from 0.1 to 1000 µm.
For the cosmic background radiations beyond 0.1 µm
we used data from Hauser et al. (2001). Contrary
to Elyiv et al. (2009) we did not consider the deflection
of e+e− pairs in the extragalactic magnetic field as well
as the inverse Compton interactions with CMB photons.
Here we took into account pair distributions resulting
from just the first double photon collisions. Energy dis-
tribution and cross section of the relevant reactions were
taken from (Aharonian 2003).
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Fig. 1.— Top: Energy distribution of the beam pairs generated
at distances, from top to bottom, of 3.5 (black), 9.1 (red), 23.3
(green), 60 (blue), 153 (cyan), 390 (magenta), and 1000 (yellow)
Mpc from a blazar with equivalent isotropic gamma-ray luminosity
of 1045 erg s−1. Bottom: Peak (dash) and mean (solid) pair beam
energy as a function of distance from the blazar, for an equivalent
isotropic gamma-ray luminosity of 1045 erg s−1. Vertical bars cor-
respond to 68% percentile of the energy spread about the mediam.
Given the primary gamma-ray photon spectrum, we
generated random gamma-photon interaction events.
These are characterized by the random distance from the
blazar at which the double photon collision occurs based
on the EBL dependent mean free path of the high energy
photons. Next we randomly generated the energies E±
of the produced e+e− pairs, and evaluated the proper an-
gle θ between each pair and the direction of the incident
gamma-ray photon. For these quantities we used the an-
alytical expressions for µe = cos(θ) in Schlickeiser et al.
(2012).
The results of the calculation are shown in Fig. 1, for
a blazar with equivalent isotropic gamma-ray luminosity
of 1045 erg s−1. The top panel shows the spectral energy
distribution of the production rate of the pairs at several
distances from the blazar, ranging from 3.5 Mpc (top,
black line), to a 1 Gpc (bottom, yellow line). The bot-
tom panel shows the peak (dash) and mean (solid) energy
of the generated pairs, in units of mec
2, as a function of
distance from the blazar. The Lorentz factor of the pairs
is a monotonically decreasing function of distance, in the
range Γ=105 − 106 up to a Gpc away from the blazar.
This shows that pair production typically peaks at near
infrared (EEBL ≃ 0.1 eV) EBL target photons interacting
with gamma-rays with energyEγ ∼ (0.1–1)TeV. The ver-
tical bars indicate the energy range encompassing 68% of
the particles. In fact, there is considerable energy spread
about the mean value, which decreases towards larger
distances as the energy range of gamma-ray photons in-
teracting with the EBL is also reduced. However, the
beam particles remain always ultra-relativistic, a detail
Fig. 2.— Angular distribution of beam pairs generated at 244
Mpc (solid), from the blazar. The colored curves indicate the con-
tribution to the angular distribution from pairs in the energy range:
103–2.1×103 (dot green), 2.1×103–4.6×103 (dot cyan), 4.6×103–
104 (dot red), 104–2.15×104 (dot blue), which dominate the large
angle end, and 106–2.1×106 (dash blue), 2.1× 106–4.6×107 (dash
red), 4.6× 107–108 (dash cyan), 108–2.15×108 (dash green) which
dominate the small angle end.
relevant in the analysis below.
Fig. 2 shows the angular distribution of beam pairs at
distances of 244 Mpc (black dash) from the blazar. The
beam angular spread is of order ∆θ ≃ 10−5, consistent
with Eq. (5) and the value of Γ estimated above. The
colored (dash and dot) curves show the angular distri-
bution of pairs in eigth different energy bins, indicating
that the beam angular spread is primarily determined by
pairs with Γ ∼ 104–106.
The distribution that we use for the analysis of the pair
beam stability below is the steady state one, obtained by
balancing the production rate given in Fig. 1 with inverse
Compton losses, i.e.
f(Γ) =
∫ Γ
0
τIC(ε)
ε
(
dn(ε)
dε
)
γγ
dε (6)
where τIC(Γ) = ℓIC/c is the energy dependent time scale
for inverse Compton losses.
In Table 1, we report as a function of distant, D, from
the blazar, the main properties of the beam, which are
relevant to the analysis below. These include, the num-
ber density of the beam pairs, nb; the mean value of
the inverse of the pairs Lorentz factor, 〈Γ−1〉−1, which
enters the estimate of the max growth rate of the in-
stability; the mean value of the pairs Lorentz factor, 〈Γ〉,
which determines the mean energy of the beam; the mean
square value of the pairs Lorentz factor divided by the
mean value of the same, 〈Γ2〉/〈Γ〉, which enters the es-
timate of the inverse Compton timescale; and the rms
of the opening angle of the pairs, ∆θ, which also enters
the growth rate of the instability. These Lorentz gamma
factors differ considerably, and they all monotonically
decrease with distance as in the bottom panel of Fig. 1.
Although the results in this and the next sections as-
sume a blazar equivalent isotropic gamma-ray luminos-
ity of 1045 erg s−1. they can be generalized to other
luminosities by rescaling the pair beam nubmer density
according to nb → nb(EγLγ/10
45erg s−1).
2.3. IGM in Voids
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TABLE 1
Beam basic properties from Monte Carlo model
D nb 〈Γ
−1〉−1 〈Γ〉 〈Γ2〉/〈Γ〉 ∆θ
(Mpc) cm−3 (104) (105) (106) (10−5)
0.87 2.81e-18 1.52 1.56 5.65 6.43
1.39 1.17e-18 1.28 1.53 5.50 8.30
2.22 4.73e-19 1.48 1.52 5.13 6.06
3.55 1.79e-19 1.39 1.48 4.65 6.32
5.68 7.48e-20 1.32 1.39 4.01 7.07
9.09 2.93e-20 1.33 1.35 3.28 7.60
14.55 1.14e-20 1.35 1.28 2.55 7.75
23.28 4.48e-21 1.28 1.20 1.94 7.50
37.25 1.65e-21 1.30 1.13 1.50 7.29
59.60 5.25e-22 1.44 1.11 1.26 8.76
95.37 1.86e-22 1.39 1.00 0.99 9.14
152.59 6.31e-23 1.34 0.86 0.75 8.88
244.14 2.03e-23 1.27 0.72 0.52 9.67
390.63 6.13e-24 1.19 0.58 0.32 11.0
625.00 1.75e-24 1.12 0.47 0.18 11.0
1000.00 4.71e-25 1.04 0.39 0.12 11.8
The analysis of the pair beam instability depends also
on the thermodynamic properties of the plasma in cos-
mic voids, namely the number density of free electrons
and their temperature. The number density of free elec-
trons can be expressed as nv ≃ 2 × 10
−7(1 + δ)(1 + z)3
cm−3. The typical overdensity δ is taken to be the value
at which the cumulative distribution of the IGM gas is
0.5. Using the simulations results presented in Sec. 4.2,
and in particular the insets in Fig. 9, we estimate as rep-
resentative value for the voids δv = −0.9(1 + z), where
the redshift dependence is approximate but sufficient for
our purposes. Note that this implies a redshift evolution
of the bulk IGM density in voids nv ∝ (1+z)
4. As for the
gas temperature we assume Tv ≃ a few ×10
3 K (1+z)1.5,
which reproduces the IGM temperature at mean density
of a few ×104 at redshift 3. This redshift dependence,
while again a rough approximation, is acceptable for our
purposes.
3. BEAM INSTABILITY: REACTIVE VS KINETIC
The blazar induced pair beam is subject to microscopic
instabilities, in particular two-stream like instabilities,
of both electrostatic and electromagnetic nature. The
beam is neutrally charged, so no return current is in-
duced. In the following we assume a sufficiently weak
magnetic field, such that ωH ≪ ωp, where ωH is the cy-
clotron frequency, ωp = (4πnve
2/me)
1/2 the plasma fre-
quency of the IGM in voids and e the electron’s charge.
In this case, the instability is predominantly associated
to Cherenkov emission of Langmuir waves, which oper-
ates under the resonant condition
ω − k · v = 0, (7)
where k is the wave-vector of the perturbation mode and
v the beam particles velocity. The pair particles con-
tribute equally to the dielectric function, as they have the
same mass, number density, velocity distribution, and
plasma frequency, ωp,b = (4πnbe
2/me)
1/2. After sep-
arating the contributions from the background plasma
and the beam particles, the dispersion relation for Lang-
muir waves, valid in the relativistic case, can be written
as (Breizman 1990)
1−
ω2p
ω2
−
4πe2
k2
∫
k · ∂f/∂p
k · v − ω
dp = 0, (8)
−1•10−4 −5•10−5 0 5•10−5 1•10−4
k||c/ωp−1
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p
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0
2•104
4•104
6•104
Fig. 3.— Normalized growth rate, γk/piωp(nb/nv), from Eq. (12)
in the plane k‖c/ωp − k⊥c/ωp. Bright is positive, dark is negative
and the uniformly colored region is zero, as it lies outside the res-
onant region.
where, f(p), is the distribution function of the beam par-
ticles. There are two important regimes that character-
ize the unstable behavior of the beam, namely reactive
and kinetic. In the reactive case, the beam’s velocity
spread, ∆v, is negligible so all particles can participate
to the unstable behavior and the growth rate of the in-
stability is therefore fastest. In the kinetic regime, on
the other hand, the velocity spread is considerable and
only the resonant particles contribute to the growth of
Langmuir waves, so the growth rate is slower than in the
reactive case. Formally, the reactive regime is applicable
when (Breizman & Ryutov 1971)
|k ·∆v| ≪ γr, (9)
where γr is the reactive growth rate. In this case, the
integral in Eq. (8) can be solve in a simplified way, which
involves neglect of the velocity spread around the mean
value. This leads to the estimate of the reactive growth
rate which, maximized along the longitudinal component
of the wave-vector reads (Fainberg et al. 1970)
γr ≃ ωp
(
nb
Γnv
) 1
3
(
k2‖
k2Γ2
+
k2⊥
k2
) 1
3
, (10)
with k‖ = ωp/v, and k‖, k⊥ the components of the
wave-vector parallel and perpendicular to the beam di-
rection, respectively. It is well known that, for an ultra-
relativistic beam (Γ ≫ 1), the fastest growing modes
in the reactive regime are those quasi-perpendicular
to the beam. This is due to the large suppression
caused by relativistic inertia along the longitudinal di-
rection (Fainberg et al. 1970). However, as shown later,
for quasi-perpendicular directions of the wave vector, the
reactive regime is not applicable.
When the approximation (9) is not valid, the growth
rate is evaluated from a pole of the integrand in the dis-
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Fig. 4.— Normalized growth rate as a function of k‖c/ωp in-
side the the resonant region, for values of k⊥ where γk reaches its
maximum values.
persion relation (8), namely
γk = ωp
2πe2
k2
∫
k ·
∂f
∂p
δ(ωp − k · v) dp. (11)
If, as is the case here, despite the energy spread
the particles remain ultra-relativistic and, |v| = c,
can be assumed, the above integral can be simplified
to (Breizman & Mirnov 1970)
γk = −ωpπ
nb
n
(ωp
kc
)3∫ µ+
µ−
dµ
2g + (µ−
k‖c
ωp
) ∂g∂µ
[(µ+ − µ)(µ− µ−)]
1
2
, (12)
where the integration variable µ is the angle between the
particles and the beam direction, and
µ± = (ωp/kc)(k‖/k ± k⊥/k
√
k2c2/ω2p − 1), (13)
g(θ) =
mec
nb
∫
pf(p, θ)dp ≃ 〈Γ−1〉
1
∆θ2
e−
θ2
∆θ2 . (14)
The second equality for g(θ) in Eq. (14) is found to be a
good approximation based on results of the Monte Carlo
model of the cascade. The integral for the growth rate in
Eq. (12) can be evaluated numerically. The qualitative
behavior of the growth rate, γk, on the plane k‖ − k⊥
is summarized in Fig. 3 (Breizman & Ryutov 1971) for
a beam at a Gpc from the blazar. Outside the narrow
resonant region of k-space, corresponding in the plot to
the uniform color, the growth rate is effectively null. In
the narrow resonant region around k‖ = ωp/c, the growth
can be positive (bright), negative (dark) and null, and for
large enough values of k⊥, it carries the sign of, ωp/k‖−c
(see below). Within the resonant region, the growth rate
as a function of k‖ has typically two extrema, a maximum
and a minimum. This is shown in Fig. 4 for values of
k⊥ of interest, i.e. where γk reaches its maximum values.
Fig. 5.— Normalized growth rate as a function of k‖c/ωp inside
the the resonant region, for large values of k⊥ where γk starts to
drop compared to its maximum value.
The growth rate has its largest values where k⊥c/ωp . 1,
and decays rapidly in the opposite limit. This can be seen
from Fig. 5 where γk is plotted for values of k⊥ close to
and much larger than ωp/c (cf. scale of y-axis). Finally,
we find that the growth rate, maximized with respect to
k‖ and as a function of k⊥, can be well approximated by
the following expression by Breizman & Ryutov (1971)
γk ≃ ωp〈Γ
−1〉
nb
nv
1
∆θ2
ω2p
ω2p + k
2
⊥c
2
, (15)
which we will be using in the following.
3.1. Fastest Growing Modes vs Coulomb Collisions
For particles of an ultra-relativistic beam with modest
angular spread, ∆θ ≪ 1, we can assume v‖ ≃ c and
v⊥ ≃ c∆θ. If the energy spread, ∆E/E . 1, then the
longitudinal velocity spread of the beam is
∆v‖ ≃ c
∆E
〈Γ〉2E
+ c∆θ2. (16)
Thus, for the angular spread and Lorentz factor char-
acteristic of the blazars induced beam, the longitudinal
velocity spread is negligible with respect to the perpen-
dicular velocity spread. It turns out that, the first and
second terms in Eq. (16) are comparable to within a fac-
tor of a few, so for the sake of simplicity in the following
we retain the second term only, neglecting any fudge fac-
tor. If we then use Eq. (9) and (16), with the estimates
for the beam angular spread and bulk Lorentz factor from
the previous Section, we find that virtually all modes re-
quire a kinetic description, unless
k⊥
k
. ×10−5
(
nb/nv
10−15
)(
〈Γ〉
105
)−1(
∆θ
10−5
)−3
. (17)
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Fig. 6.— Ratio of instability max growth rate, γmax, to Coulomb
collision rate, νc, for redshift z=0 (solid), z=1 (short dash) and z=3
(long dash). The shaded area corresponds to the absolutely stable
region where γmax ≤ νc.
The max growth rate occurs at k⊥ provided by the
above estimate. For smaller values we enter the reac-
tive regimes and relativistic inertia increases. For larger
values we are in the kinetic regime where the growth
rate decreases due to the increasing velocity spread along
k, although the decrease becomes significant only for
k⊥ ≥ ωp/c. The fastest growth rate for modes with
k⊥ ≤ ωp/c is therefore given by
γmax ≃ ωp〈Γ
−1〉
nb
nv
1
∆θ2
= 4× 10−12s−1
×
(
nv
2× 10−8cm−3
)− 1
2
(
〈Γ−1〉
10−4
)−1(
∆θ
10−4
)−2(
D
Gpc
)−2
,
(18)
where we have taken nb ≃ 10
−24 cm−3 at a Gpc from a
blazar of luminosity EγLγ = 10
45erg s−1. A basic con-
dition for the growth of an instability is that its growth
rate exceeds the collisional damping rate, i.e. γmax ≫ νc,
where (Huba 2009)
νc ≃ 10
−11s−1
(
nv
2× 10−8cm−3
)(
Tv
3× 103K
)− 3
2
, (19)
and for the Coulomb logarithm we have used Λc =
27.4 (Huba 2009). In Fig. 6, we plot the ratio γmax/νc
as a function of distance from the blazar, using the val-
ues reported in Table 1, which again apply for a blazar
of equivalent isotropic gamma-ray luminosity of 1045 erg
s−1. The solid, dash and long-dash curves correspond
to redshift z=0, z=1 and z=3, respectively. The red-
shift dependence is obtained by using the void average
density and temperature redshift dependences discussed
in Sec. 2.3, together with the redshift dependence of nb
given in Sec. 2.1. The shaded area corresponds to the re-
gion where the instability is inhibited by collisions. The
plot shows that the instability can only develop at dis-
tances of less than a 50 Mpc at redshift z = 0 and about
20 physical Mpc z=3.
4. BEAM STABILIZATION
As shown in the previous section, pair beams within
a certain distance of the parent blazar may be unstable
due to the excitation of Langmuir waves. In this section
we further analyse these unstable conditions. In particu-
lar we consider nonlinear effects on plasma waves due to
scattering off thermal ions and density inhomogeneities.
We begin, however, with a brief outline of the main fea-
tures of the relaxation process (for a detailed description
see, e.g., Melrose 1989; Breizman & Ryutov 1974). An
important assumption in what follows is that the level of
plasma turbulence remains low compared to the plasma
thermal energy, so that a perturbative approach is valid.
This, will be verified at the end of the analysis.
The presence of excited plasma waves causes the beam
particles to diffuse in momentum space. This contin-
ues until the particle momentum distribution has flat-
tened, and Cherenkov emission (∝ ∂f/∂p) is suppressed.
According to the calculations of Grognard (1975), this
process of quasilinear relaxation takes about 50-100 in-
stability growth timescales to complete. In general, how-
ever, other processes occur that reduce the energy of res-
onant waves the particles interact with, thus stabilising
the beam. Spatial transport effects may contribute in
two ways. On the one hand, waves drift along the energy
density gradient at the group velocity, vg ≃ 3v
2
t /c. For
the case of interest here, this process is negligible, due
to the smallness of the group velocity and spatial gra-
dients of the wave energy. In addition, however, if the
plasma frequency is not constant in space due to plasma
inhomogeities, the wave-vector will change in time, de-
stroying the particle-wave resonant conditions. This ef-
fect turns out to be important and will be considered
further below.
In the limit of weak turbulence, second order ef-
fects can also play an important role (Melrose 1989;
Breizman & Ryutov 1974). In short, these are described
in terms of three-wave interactions and particle-wave
scattering. Three waves interactions involve, in addition
to Langmuir waves, at least one electromagnetic wave,
because the frequency resonance condition cannot be ful-
filled with three Langmuir waves alone. Compared to
other processes discussed below, however, they are of or-
der kBT/mec
2, so they turn out to be negligible for the
conditions of interest here. As for particle-wave scatter-
ing, Langmuir waves can undergo induce scattering ei-
ther by electrons or ions, into either Langmuir waves or
electromagnetic waves. The latter process is suppressed
in presence of inhomogeneities, so it will be neglected in
the following. Furthermore, as we are considering waves
with wavelength larger then the Debye length, the scat-
tering by thermal ions is considerably more important
than thermal electrons. This is because for thermal ions
only, the superposed effects of the bare and shielding
charge (basically an electron of opposite charge as the
bare charge) do not cancel out, due to the much larger
mass of the ion compared to the electron. Therefore,
with regard to second order nonlinear effects in the fol-
lowing we only consider induced scattering off thermal
ions.
4.1. Nonlinear Landau damping
In this section we consider in some detail the main pro-
cess that we believe compensates the growth of Langmuir
waves, i.e. induced scattering off plasma ions, also known
as non-linear Landau damping (Tsytovich & Shapiro
1965; Breizman et al. 1971; Lesch & Schlickeiser 1987).
In this process, a thermal ion, with characteristic veloc-
ity, vti, interacts with the beat wave produced by two
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Fig. 7.— Ratio of beam relaxation timescale, τbeam, to invese
Compton loss time, τIC , for redshift z=0 (solid), z=1 (short dash)
and z=3 (long dash).
Langmuir oscillations, ω(~k), ω(~k′), under the condition
for Cherenkov interaction, i.e.
ω(k) − ω(k′) = (k− k′) · vti. (20)
The rate of induced scattering of Langmuir waves off
thermal ions in a Maxwellian plasma with number den-
sity n and ion/electron temperature Ti/Te respectively,
is (e.g., Melrose 1989)
γnl(k) =
3(2π)
1
2
2
TiTe
(Ti + Te)2
∫
d3k′
(2π)3
Wˆ (k′)
nmevti
(21)
×
(
k · k′
kk′
)2
k′2 − k2
|k′ − k|
exp
[
−
1
2
(
3
2
v2te
ωpvti
k′2 − k2
|k′ − k|
)2]
,
where Wˆ (k) indicates the spectral energy density of
Langmuir waves. The growth rate, γnl(k), bears the sign
of (k′ − k). This indicates that as a result of induced
scattering, Langmuir waves cascade towards regions of
phase space of lower wave-vectors, i.e. lower energies,
the energy difference being absobed by the thermal ions.
Eventually, the wave energy is transferred to modes with
wavenumber, k, small enough that the wave phase-speed,
ω/k > c, exceeds the speed of light, and resonance with
the beam particles is lost. The wavenumbers allowed
in the scattering process are constrained by the integral
expression in Eq. (21). In particular, the following con-
dition must be fulfilled:
|k′2 − k2|
|k′ − k|
≤ ωp
vti
v2te
≃ 35×
ωp
c
(
Tv
3× 103K
)− 1
2
. (22)
The above constrain is satisfied for the case of differential
scattering, i.e. ∆k/k≪ 1, whereby k ∼ k′ and k′ ∼ −k.
In this case Langmuir waves, generated with wavenum-
ber, k ∼ ωp/c, parallel to the beam, are isotropized.
This reduces the level of resonant energy density by a
factor ∼ ∆θ2/4π, increasing somewhat the lifetime of
the beam. However, given the low temperature of the
IGM in voids, the more efficient integral scattering, with
k′ ≪ k, is also allowed. In this case Langmuir waves
are mostly kicked out of resonance in a single scattering
event, reducing dramatically the level of resonant energy
density and suppressing the instability.
The general solution for the evolution of the energy
density in plasma waves is a non trivial task, as it re-
quires solving for integro-differential equations that de-
scribe the detailed energy transfer of the wave energy
across different modes. However, for an conservative es-
timate, we can neglect differential scattering, and evalu-
ate the rate of induced integral scattering from Eq. (21)
using the condition k′ ≪ k. We thus obtain
γnl ≃ ωp
Wnr
nvkBTv
v2te
vti c
(23)
whereWnr is the total energy density in Langmuir waves
at k ≪ ωp/c, i.e. non-resonant with the beam. This en-
ergy density is excited by the non-linear scattering pro-
cess and for the most part is dissipated by Coulomb col-
lisions at a rate νc (see further discussion below). Thus
it evolves according to
∂Wnr
∂t
= 2γ˜nlWnrWr − νcWnr, (24)
where we have used, γ˜nl ≡ γnl/Wnr =
ωp(1/nvkBTv)(v
2
te/vtic) and Wr is the total energy
density in Langmuir waves at k ∼ ωp/c, i.e. resonant
with the beam. The latter obviously evolves according
to
∂Wr
∂t
= 2γmaxWr − 2γ˜nlWnrWr, (25)
where we have neglected the role of collisions (i.e. we
assume, γmax ≫ νc, as required for the existence of
the instability). Eq. (25) and (24) form a well-known
Lotka-Volterra system of coupled non-linear differential
equations, which has stable periodic solutions, with the
following average values for the energy densities:
Wnr =
γmax
γ˜nl
, W r =
νc
2γ˜nl
. (26)
In this regime, the transfer rate of Langmuir waves out
of resonance by non-linear Landau damping equals on
average their production rate, i.e. γnl ≃ γmax. Thus,
the beam emission of Langmuir waves is only linear in
time, with an average power P (Wr) = 2γmaxWr, and
the beam relaxation timescale at redshift z = 0 is:
τbeam ≃
nb〈Γ〉mec
2
2γmaxW r
= 1.5× 109yr
(
nv
2× 10−8cm−3
)−1
×
(
〈Γ−1〉
10−4
)(
〈Γ〉
105
)(
∆θ
10−4
)2(
Tv
3× 103K
)
. (27)
The above timescale should be compared with the pairs
cooling time on the Cosmic Microwave Background,
τIC = ℓIC/c ≃ 3× 10
6(E±/TeV)
−1(1 + z)−4 yr. The ra-
tio of these timescales is plotted in Fig. 7 using the values
reported in Table 1, as a function of distance from our
reference blazar with isotropic gamma-ray luminosity of
1045 erg s−1. At redshift z = 0 (solid line) the beam ap-
pears to be stable on significantly longer timescales than
the inverse Compton emission energy loss timescale, par-
ticularly within 100 Mpc from the blazar, where the av-
erage value of Γ of the pairs tends to be higher. This
conclusion is reinforced at higher redshifts (dash line for
z = 3), where the redshift dependence is inferred as in
Sec. 3.1.
The above analysis works in the weak turbulence
regimes, which requires that the energy density of res-
onant Langmuir waves be a small fraction of the beam
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Fig. 8.— Ratio of nonresonant waves to thermal energy as a
function of distance from our reference blazar, for redshift z=0
(solid), z=1 (short dash) and z=3 (long dash). The horizontal
line correspond to the thrshold for the onset of the modulation
instability.
energy density. For the typical values of IGM gas and
beam parameters used above this requirement is readily
fulfilled as, Wnr/nbΓmec
2 ≃ 3 × 10−6, warranting our
approach limited to second order processes.
Another consistency check to be performed concerns
the assumption of collisional dissipation of the long wave-
lenght Langmuir waves. In fact, accumulation of energy
in these non-resonant waves can generate modulation in-
stability of the background plasma if (Breizman 1990),
Wnr
nvkBTv
≥ k2λ2D ∼ kBTv/mc
2. (28)
In Fig. 8 the ratio on the LHS of the above equation
is plotted as a function of distance from our reference
blazar using the values in Tab. 1. The solid line corre-
sponds to redshift z = 0 and the horizontal line is the
nominal threshold value for the onset of the modulation
instability. For redhisfts higher than z = 0, we plot for
comparison with the same threshold line the same ratio
on the LHS of Eq. (28) but divided by a factor (1+z)3 to
account for the IGM temperature redshift denpendence
(see Sec. 2.3).
The plot shows that the assumption of collisional dissi-
pation of the long wavelength Langmuir waves is always
valid except at short distances from low redshift blazars.
The modulation instability deserves more attention that
the scope of the current paper can afford. Here we no-
tice that, while the modulation instability could stabilize
the beam (Nishikawa & Ryutov 1976), it could also pro-
vides an effective dissipation rate that is more efficient
than collisions. In this case the level of energy density
of resonant waves, Wr, will increase with consequent re-
duction of the beam lifetime (see Eq. 26-4.1). However,
because the threshold condition for triggering the modu-
lation instability depends quadratically on the tempera-
ture (see Eq. 28), should the background plasma suffers
even modest heating caused by the beam relaxation, the
modulation instability will quickly stabilize (at below the
Mpc scale), restoring the conditions for collisional dissi-
pation of the nonresonant waves.
Therefore, in conclusion, from the above analysis to-
gether with the findings in in Sec. 3.1 it appears that the
beam is stable at basically all relevant distances from
the blazar. As a result, the beam instability plays only a
secondary role on the electromagnetic shower, the beam
dynamics and the thermal history of the IGM.
4.2. Plasma Inhomogeneities
In addition to the kinetic effects described above, the
energy density of the plasma waves evolves in time due
to spatial gradients effects according to
d
dt
Wˆ (x, t, k) =
∂Wˆ
∂t
+ vg∇xWˆ −∇xω · ∇kWˆ , (29)
where for the rate of change of the wave-vector we have
used the equation of geometric optics
dk
dt
= −∇xω. (30)
The first and second terms on the RHS of (29) describe as
usual explicit time dependence and the effects of spatial
gradients discussed at the beginning of Sec. 4. The last
term describes the change in Wˆ associated with modifi-
cations of the waves wave-vector as a result of inhomo-
geneities. This term is important because, just like in-
duced scattering by thermal ions, it transfers the excited
Langmuir waves to wavemodes that are out of resonance
with the beam particles, therefore suppressing the insta-
bility (Breizman & Ryutov 1971; Nishikawa & Ryutov
1976).
For Langmuir waves the most important contribution
to, ∇xω, comes from density inhomogeneities. In addi-
tion, the beam stabilization mainly results from changes
in the longitudinal component of the wave vector. There-
fore, we restrict our analysis to this case only, and write
dk‖
dt
≃
1
2
ωp
λ‖
, (31)
with λ‖ = nv/(~∇nv)‖, the length scale of the density
gradient along the beam.
In order to estimate the scale lengths of IGM den-
sity gradients, λ, we have carried out a cosmologi-
cal simulation of structure formation including hydro-
dynamics, dark matter, and self-gravity as described
in Miniati & Colella (2007). For the cosmological model
we adopted a flat ΛCDM universe with the following pa-
rameters: total mass density, normalized to the criti-
cal value for closure, Ωm = 0.2792; normalized bary-
onic mass density, Ωb = 0.0462; normalized vacuum en-
ergy density, ΩΛ = 1 − Ωm = 0.7208; Hubble constant
H0 = 70.1 km s
−1 Mpc−1; spectral index of primordial
perturbation, ns = 0.96; and rms linear density fluctua-
tion within a sphere of comoving radius of 8 h−1 Mpc,
σ8 = 0.817, where h ≡ H0/100 (Komatsu et al. 2009).
The computational box has a comoving size L = 50h−1
Mpc, is discretized with 5123 comoving cells, correspond-
ing to a nominal spatial resolution of 100h−1 comoving
kpc. The collisionless dark matter component is repre-
sented with 5123 particles with mass 6× 105h−1 M⊙.
Fig. 9 shows the range of scale lengths of IGM den-
sity gradients as a function of IGM gas over-density, for
three different cosmological redshifts, z = 0 (top), z = 1
(middle) and z = 3 (bottom). Accordingly, the distance
covered by the beam particles during the fastest growth
time, ∼ cγ−1max ≃ 1 kpc, is much shorter than the typical
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Fig. 9.— Characteristic length scale of density gradient in the
IGM as a function of IGM gas over-density. The shaded area covers
± one root-mean-squared value about the average. The inset shows
the gas cumulative distribution as a function of overdensity.
scale-length of density gradients. This correspond to the
case of regular, as opposed to random, inhomogeneities.
It is clear that in order for the excited waves to have
an effect on the beam, the beam-waves interaction un-
der resonant conditions must continue for a sufficiently
long time. Therefore, the condition for wave excitation
is expressed as (Breizman & Ryutov 1971)
γmax
∆k‖
|dk‖/dt|
= γmax
2λ‖∆k‖
ωp
> Λc, (32)
where Λc is the Coulomb logarithm and ∆k‖ the change
in longitudinal component of the wave-vector allowed by
the resonant condition (7). Using Eq. (7) (and neglecting
the term ∆E/E Γ2) to obtain, ∆k‖ .
ωp
c ∆θ
2 + k⊥∆θ,
Eq. (32) can be solved to express the condition for wave
excitation in terms of λ‖, i.e.
λ‖ ≥
c
2ωp
〈Γ−1〉
nv
nb
Λc
(
1 +
k⊥
k‖∆θ
)−1
> 106 kpc
×
(
D
Gpc
)2(
〈Γ−1〉
10−4
)(
∆θ
10−4
)(
Λc
30
)
(1 + z)2 (33)
where in the second inequality we have used, κ⊥ ≃ κ‖,
which corresponds to the most favourable case for the in-
stability growth in the presence of inhomogeneities, and
again the refdshift dependence is derived as described
in Sec. 3.1. We can again plot the minimal values of
λ‖ allowed for the growth of the beam instability us-
ing the parameter values for the beam from Table 1.
This is shown by the oblique lines in Fig. 10, for redshift
z = 0 (solid), z = 1 (dash) and z = 3 (long dash). The
three horizontal thin lines (with the same line style as
the oblique lines at the same redshift), correspond to the
mean scale-length of density inhomogeneities at typical
Fig. 10.— Oblique line correspond to minimal values of λ‖ al-
lowed for the growth of the beam instability as a function of dis-
tance from the blazar obtained using values in Table 1. Horizontal
thin lines correspond to the mean scale-length of density inhomo-
geneities at typical void overdensity (i.e., where the cumulative gas
distribution function is 0.5), extracted from Fig. 9. Solid, dash and
long dash correspond to redshift z = 0, z = 1, and z = 3.
void overdensity (i.e., where the cumulative gas distribu-
tion function is 0.5), extracted from Fig. 9. The figure
shows that the growth of Langmuir waves is severely con-
strained by the presence of inhomoteneities, except for re-
gions close to the blazars, i.e. at distances D < 30, 6, 1
Mpc, for z = 0, 1, 3, respectively. Inhomogeneities pro-
vide another independent argument against the growth
of Langmuir waves and the unstable behavior of the pair
beam. While non-linear Landau damping weakens with
distance from the blazar (see Fig. 6), the impact of inho-
mogeneities becomes stronger (see Fig. 10), so that the
stabilization effects of the two processes compensate each
other at different distances.
5. CONCLUSION
We considered the stability properties of a low density
ultra relativistic pair beam produced in the intergalactic
medium by multi-TeV gamma-ray photons from blazars.
The physical properties of the pair beam are determined
through a Monte Carlo model of the electromagnetic cas-
cade. In summary we find that the combination of kinetic
effects, non-linear Landau damping and density inhomo-
geneities appear to considerably stabilize blazars induced
ultra-relativistic beams over the inverse Compton loss
timescale, so that the electromagnetic cascade remains
mostly unaffected by the beam instability. This implies
that the lack of a bumpy feature at multi-GeV energies
in the gamma-ray spectrum of distant blazars cannot be
attributed such instabilities and can in principle be re-
lated to the presence of an intergalactic magnetic field.
Finally, heating of the IGM by pair beams appears neg-
ligible.
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